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The stability diagram of a nematic liquid crystal
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Different nematic structures confined to a long cylindrical cavity with
homeotropic surface anchoring are studied using a numerical minimization of the
free energy of the uniaxial nematic liquid crystal. The stability of escaped radial
structures and planar polar structures (with and without line defects) is analysed in
terms of the ratio of elastic constants K,,/K,;, K43/K;;, anchoring strength and
external magnetic field applied perpendicular to the symmetry axis of the cylinder.
We draw the analogy between the stability diagram of the cylindrical structures and
structures in a spherical droplet. In particular, a simple way extracting the value of
the saddle-splay elastic constant K,, from the stability studies is discussed.

1. Introduction

Recently there have been a number of experimental and theoretical studies devoted
to nematic liquid crystals (NL.C) confined to cylindrical environments [1-6]. This
interest arises from the relevance of micro-confined systems to electro-optical
applications and because these systems are very suitable for studies of elastic anchoring
properties of liquid crystals. In particular, in such systems, the saddle-splay elastic
constant K,, has been experimentally determined for the first time [3].

Different nematic structures within a cylindrical cavity can be in most cases well
presented by a director field fi(f) pointing along an average local orientation of nematic
molecules. The director field inside a cavity is a result of the competition between the
surface anchoring potential, elastic forces and external clectric or magnetic field. In a
system with homeotropic anchoring, where the surface interactions tend to align the
nematic molecules along the normal to the surface, the escaped radial (ER) [1] and
planar polar (PP) [4] structures have been observed. Using the approximation of equal
Frank elastic constants, the stability diagram of these structures in a zero enternal field
was studied first by Allender et al, [3, 4].

The aim of this paper is to describe briefly a more general stability diagram for
nematic structures in a long cylindrical cavity where variations of the anchoring
strength, external magnetic field, and ratios of the elastic constants K,,/K,, and
K,4;/K , are taken into account. Particular attention is paid to the comparison of the
resulting stability diagram to the one corresponding to spherical droplets with
homeotropic boundary conditions. A more detailed study of nematic structures in
cylindrical cavities will be given elsewhere [7].
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2. Free energy
The stable nematic structures in micron or supra-micron size cavities arc
determined by a minimization of the free energy contributions [8,9]

K K K
f(r)——-—zli(divn)z +—22(ﬁ.rot ii)? +-23i (A x rot f)2
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containing the elastic part characterized by the elastic constants K, ;, K,,, K33, K54,
the magnetic field (B) part characterized by the correlation length & =/[ K uo(B*x)]
[8] (Ay is the anisotropy of the magnetic susceptibility along i and perpendicular to it),
and the surface interaction part characterized by the coherence length d=K, /W, [§]
(W, is the anchoring strength) The term &, stands for the preferred anchoring
dlrectlon (‘easy’ direction), R for the radius vector describing the confining surface, and

€., for the normal to that surface. In the case of homeotropic anchoring, we have:
€.a5y/1€urr. We limit our study to the case Ax>0 and to structures without twist
deformations. Further, only cases with magnetic field perpendicular to the symmetry
axes of the cylinders are discussed. Minimization of the free energy in the same way as
for dropiets [10] leads to bulk and surface differential equations. Differential equations
are solved numerically using the over-relaxation method. In the next section we present
our main results but leave the details to be presented elsewhere [7].

3. Results and discussion

The PP and ER nematic structures, which are most often stable in cylindrical
cavities where the wall enforces homeotropic anchoring, are schematically presented in
figures 1 (a) and (b). The resulting director patterns in the plane perpendicular to the
symmetry axis of the cylinder are similar to the axial (AX) and radial (RA) director fields
of a spherical nematic droplet [10]. To explore these similarities, the stability diagrams
of predicted nematic structures in cylindrical and spherical cavities are shown together
in figure 2. They also show a qualitative similarity for comparable values of the elastic
constants (K;; ~K33~K,,). The RA and ER structures are stable in the regime of
strong anchoring and weak external ficld because they have smaller surface free energy
than AX and PP structures. The latter are stable in the weak anchoring regime and for
any anchoring strength in a strong external field, because of lower bulk contributions to
the elastic and field parts of the free energy. Further, our calculations show that, as for
nematic droplets, where axial structures with a circular line defect (AXDL) can be
stable [10], in a cylindrical cavity too a planar polar structure with two line defects of
strength 1/2 running along the symmetry axes of the cylinders (PPDL- see figure 1 (c))
can be stable. To our knowledge, this structure has not yet been experimentally
observed. It should be stressed that, because of the presence of the defects, the
coexistence curves (see figure 2) separating stability regions of structures with line
defects and without them depend also on the cavity radius R itself [ 7, 10], and not only
on the ratios R/d, R/¢ which enter the Euler-Lagrange equations [7]. Besides this, it
should be mentioned that calculations show that the external field negligibly affects the
director field of ER structures as long as R/& <3. Therefore, our coexistence curves,
which are all well below this value, have been calculated in the approximation of the
undeformed director field.
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Figure 1. The nematic director field of (a) an escaped radial, (b) a planar polar and (c) a planar
polar structure with two line defects realized in a cylindrical cavity. The length of lines
representing the director field is proportional to the component of the director field
component in the cross-sectional plane.
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Figure 2. The stability diagrams for the planar polar (PP) structure, the planar polar structure
with two line defects (PPLD), and the escaped radial structure (ER) in a cylindrical cavity
(dashed line), and for the axial (AX), axial with line defect (AXLD) and radial (RA)
structure in a spherical droplet (full line). The variables R/d and d/¢ measure anchoring and
the external field strength, respectively. In calculations, we set K, ,+=0, K33=K,,. The PP
and AX structures are stable in the weak anchoring regime, the ER and RA structures in
the strong anchoring regime, and in a finite interval of external field strengths, the PPLD
and AXLD structure can be stable. In the inset, the stability diagram of the PP and ER
structure for different anchoring strengths and ratios K,,/K, >2is shown for K;3=K
and zero external field.
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The main differences between stability diagrams for spherical and cylindrical
cavities are:

(i) The zero field coexistence point (R/d), separating stability regions of the PP
and ER structures lies significantly higher than (R/d), for a AX to RA
transition. This is caused by the relatively larger surface to volume ratio in
droplets.

(i) Incylindrical cavities, the inversion point, (i), where the coexistence line reaches
its maximum value {d/£),, occurs at smaller values of the ratio (d/£) than in
droplets. This indicates that the external field stabilizes PP structures more
than AX structures.

(iii) The PP structure with line defects can be stable at lower values of the ratio R/d
than for the AXDL structure, because of the relatively smaller volume occupied
by defect lines in cylindrical cavities.

The dependence of the stability diagram on the elastic properties of liquid crystals is
shown in figure 3. We begin by considering the the influence of the K45/K; ratio. The
PP structures have more bend deformation than ER structures. In spherical droplets,
the splay deformation is dominant in the axial structure, particularly in low magnetic
fields. The effect of the saddle splay constant K , , is present in the free energy of ER, AX
and RA structures, but absent in the PP structure where div(i x rot it + i div fi) equals
zero. If K, . >0 then the K, , term prefers radial-like structures and its influence on the
stability diagram is larger in droplets because of the larger surface to volume ratio.

Bigger differences between stability diagrams for nematic structures confined to
spherical and cylindrical cavities appear at large K,, values (see the insert to figure 2
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Figure 3. Effect of elastic constants K, , K55 and K, , on the stability diagram for (a) a spherical
and (b) a cylindrical cavity of NLC. A, K;53/K,,=1and K,,/K,=0; B, K3,/K;, =2 and
Kyu/K 1 =0; C, K33/K; =1and K, /K, =1
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Figure 4. The K,, dependence of (a) the zero field coexistence point (R/d),, (b) the
corresponding (P, value of the PP, ER and AX structures and (c) the inversion point
value (R/&);. The dashed line denotes the cylindrical and the full line the spherical cavity.
K33/Ki =1
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where the zero external field diagram is shown for K5;/K,, =1!). In the cylinder, an
additional region where ER structures are stable appears for K,,/K,; > 2. In the weak
anchoring regime and above K,,/K,; ~2-18, this nematic director configuration is
stable for all anchoring strengths. For the same K,,/K,, ratio, the zero field
coexistence point in a spherical droplet reaches the value (R/d),=0 at K,,/K,;=2.

Recently, a lot of effort have been given to finding an appropriate experimental
method enabling the determination of the K., elastic constant [3,4,10,11] and the
anchoring strength W,. The strong dependencies of confined structures and their
stability diagrams on the elastic and anchoring properties of nematic liquid crystals can
be used for the determination of these properties. An NMR line study of the ER
structures has enabled the first determination of the elastic constant K ,, [3]. In a new
paper [11], we discuss, in detail, two possible ways of extracting the K ,, and W, values
from a stability diagram for a spherical droplet: (i) from the position of the zero field
coexistence point (R/d), and (ii) from the value (R/&), at the inversion point. Here we
extend this approach to cylinders and compare the predicted dependencies of (R/d),,
(P34 ({P;) at (R/d),), and (R/{), on K,, for both geometries. The order parameter
of a structure {P,>=<(3(i#).¢)*—1)/2), where (...) stands for the average over
a cavity volume and & points along the symmetry axis of the structure, reflects general
features of the nematic director field within a cavity. The radius of cylinders or droplets
corresponding to the zero field coexistence point and inversion point are usually in the
submicron range, therefore NMR is the best method to determine (P,)>. This is not
the case for the observation of the inversion point, where one needs an additional
variable external field which cannot be easily realized in the NMR apparatus. Once
(P3¢ is experimentally determined, then using the corresponding theoretically
predicted behaviour of (P, ), (see figure 4 (b) for ER or PP structures in ¢cylinders and
AX structures in droplets, the ratio K,,/K, can be estimated. In the next step, using
K,./K,, and the theoretically predicted behaviour of the zero-field coexistence curve
(sec figure 4(a)), the value of the anchoring strength W, can be extracted. The
determination of K,, and W, from {P,) which is directly proportional to the NMR
line splitting is simpler than a determination from a precise fit of the NMR line shapes.
The disadvantage of the proposed method is the possible occurrence of metastable
structures.

4. Conclusion

We have determined the stablity regions of the escaped radial and planar polar
nematic structures confined to a cylindrical cavity for different external magnetic field
strengths, anchoring strengths and ratios of the elastic constants K, /K, K33/K,;.
We have shown that the stability diagram is qualitatively similar to the one obtained
for a spherical droplet, where radial and axial structures compete. Qualitative
differences between stability diagrams for spherical cylindrical environments appear
for large K ,, elastic constants. We have shown that the stability diagram can be used
for anindirect study of the elastic and anchoring properties of nematic liquid crystals. A
more detailed analysis of these phenomena for cylindrical cavities is in progress and will
be published elsewhere.
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